In this paper we derive the full set of differential equations and some algebraic relations for p-forms constructed from type IIB Killing spinors. These equations are valid for the most general type IIB supersymmetric backgrounds which have a non-zero NS-NS 3-form field strength, H, and non-zero R-R field strengths, G
Introduction
Recently there has been much interest in classifying supersymmetric solutions of supergravity theories in various dimensions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . One technique which has proved particularly effective is to use the Killing spinors of the background to construct forms of different degrees. For example, the authors of Refs. [2, 3] used p-forms, φ, in the classification of general supersymmetric solutions of 11-dimensional supergravity. The components of φ are given by φ M 1 ...Mp =ǭΓ M 1 ...Mp ǫ where ǫ is a Killing spinor of 11-dimensional supergravity and Γ M are Dirac matrices. These p-forms obey algebraic and differential relations descended from the Fierz identities and the Killing spinor equation, respectively. Moreover, the forms define a mathematical structure known as a G-structure, which is the reduction of the Spin(10, 1) frame bundle to a G-sub-bundle. The type of G-structure that arises can then be used to classify the supersymmetric solutions of 11-dimensional supergravity [2, 3] . Similar techniques have been used [4, 6, [9] [10] [11] [12] [13] [14] [15] [16] ] to (partially) classify supersymmetric solutions in various lowerdimensional supergravity theories.
As well as their use in classifying supersymmetric backgrounds, the forms constructed from Killing spinors are related to generalised calibrations for branes. For example, in Ref. [17] it was shown that generalised calibrations for M-branes naturally emerge from the differential equations satisfied by the forms. Here we will be interested in calibrations for branes in type IIB backgrounds. Some examples of generalised calibrations in particular type IIB backgrounds have been found [18] . However, here we will be interested in finding calibrations for non-static probe branes, which has not been investigated previously. We begin by considering the most general supersymmetric backgrounds of type IIB supergravity. That is, we consider backgrounds which admit at least one Killing spinor and have background field strengths, H, G (1) , G (3) and G (5) non-zero. We construct p-forms from the Killing spinors and derive the full set of differential equations for these forms. Some algebraic relations between the forms and the field strengths are also derived. These differential and algebraic equations could then be used in the classification of type IIB supersymmetric backgrounds, as demonstrated in Refs. [14] [15] [16] for some special classes of 10-dimensional backgrounds. However, our focus will be on using the forms, and their corresponding differential equations, to construct generalised calibrations for non-static D3-branes in IIB backgrounds. In particular, we will consider giant gravitons in AdS 5 × S 5 .
Giant gravitons are non-static spherical branes in AdS 5 × S 5 . The fact that they are nonstatic makes them an interesting example to consider from the point of view of calibrations, as most previous work on calibrations has involved static probe branes. An interesting construction of giant gravitons has been proposed by Mikhailov [19] . In this construction the space AdS 5 ×S 5 is embedded in C 1,2 ×C 3 . The giant graviton world-volume then arises from the intersection of a holomorphic surface in C 3 with the embedded S 5 . One of the benefits of constructing giant gravitons in this way is that the supersymmetry projection conditions become very simple. This is essentially because Killing spinors in AdS 5 × S lift to covariantly constant spinors in C 1,2 × C 3 , and consequently everything simplifies in the higher dimensional space.
The plan of this paper is as follows. In § 2 we consider the gravitino Killing spinor equation for type IIB supergravity and we use it to derive differential equations for the forms. Then in § 3 we derive some algebraic identities for the forms using Fierz identities and the algebraic Killing spinor equation. In § 4.1-4.3 we discuss the Mikhailov construction of giant gravitons in some detail. Then in § 4.4 the forms corresponding to these holomorphic giant gravitons are shown to obey the correct differential equations. In § 5 we consider the relationship between the differential equations derived in § 2 and generalised calibrations. In particular, we are interested in probe D3-branes in backgrounds where the field strengths H, G (1) and G (3) are set to zero, which is the case for AdS 5 × S 5 . We find a calibration bound for these branes and then show that the holomorphic giant gravitons saturate this bound in § 5.2. These calibrated giant gravitons have minimal "energy minus momentum" in their homology class. Moreover, in § 5.3 we show that dual giants also saturate the calibration bound and they minimise the same quantity as the ordinary giants. Our conclusions are given in § 6.
Differential equations for the p-forms
We begin by considering the Killing spinor equations for type IIB supergravity. Partial results [14] [15] [16] have been obtained for backgrounds which preserve 4-dimensional Poincaré invariance. Also in Ref. [18] some differential conditions were derived as generalised calibrations for 5-branes wrapping special Lagrangian 3-cycles. However, the full set of equations for completely general type IIB backgrounds has not been given until now. Type IIB supergravity has two Killing spinor equations. One is algebraic, and arises from requiring that the variation of the axino-dilatino vanishes. The second equation is differential, and arises from varying the gravitino. In this section we will be interested in the second (gravitino) equation, and we will use it to compute derivatives of forms constructed from Killing spinors. In § 3 we will discuss algebraic relations between the forms, some of which can be obtained from the algebraic Killing spinor equation. We expect that both the differential and algebraic relations we derive will play an important role in the full classification of supersymmetric type IIB backgrounds.
Following Ref. [20] , the gravitino Killing spinor equation in the string frame is D M ǫ = 0, where ǫ is a 32-dimensional chiral spinor, with two 16-dimensional components 1 , i.e. 
Here φ is the dilaton and ∇ is the Levi-Civita connection. The matrices λ n are defined as follows
where σ i , i = 1, 2, 3, are the usual Pauli matrices. The field strength H in Eq. (1) is the NS-NS 3-form, related to a 2-form gauge potential, B, by H = dB. The field strengths G are defined by
where C (n) are the Ramond-Ramond potentials. These field strengths are not all independent, but
We now construct p-forms of different dimensions from the 16-dimensional component spinors, ǫ 1 and ǫ 2 , of a single Killing spinor ǫ. The components of a generic p-form, ω ij , are given by ω
where i, j = 1, 2 label the 16-dimensional spinors andǭ
In general, this construction will produce 2 × 2 matrices of forms for each dimension p. However, due to the chirality of the spinors, many p-forms are automatically zero. The components of the possible non-zero forms are
It is also possible to construct some higher-dimensional forms (a 7-form, Π, and a 9-form, Ω). However, these are simply dual to the lower-dimensional forms; Π = − * Φ, Ω = * K. Note also that the 5-form, Σ, is self-dual.
We now compute the covariant derivatives of these forms. For each p-form, ω ij , whose components are given in Eq. (3), we will compute
The idea is to use the Killing spinor equation, D M ǫ = 0, to replace ∇ N ǫ i and ∇ M ǫ j with terms involving the fields strengths, metric and dilaton. The second step will be to antisymmetrize over the indices N, M 1 , . . . M p to obtain the ordinary derivative of ω ij , i.e. dω ij . Our motivation for doing this is to obtain calibration conditions for branes in type IIB supersymmetric backgrounds.
The computations for the covariant derivatives of the forms are messy, so we do not present all the details here. However, a useful result which helps to simplify the expressions is the following: given a q-form, v, and p-form, w, where q > p,
This is also consistent with the relation * * w = (−1)
We now present the results for the ordinary derivatives of the forms. While the equations look complicated, they are valid for the most general supersymmetric backgrounds which have non-zero field strengths, H, G (1) , G (3) and G (5) . Starting with the 1-forms, K ij , we have
The equation for K 22 can be obtained from Eq. (5) by replacing
with all other terms remaining the same. For K 12 we obtain,
The equation for K 21 can be obtained from Eq. (6) by replacing
with all other terms remaining the same. For the 1-forms it is also interesting to calculate 
As we will see in § 5, the combination K 11 + K 22 appears naturally in the calibration bound for D3-branes. This is perhaps not surprising as we have shown it corresponds to a symmetry of the metric.
where the omitted indices are understood to be [M N P Q]. We could obtain the equation for Φ 21 from Eq. (7) by replacing
with all other terms staying the same. For the 5-form Σ 11 we obtain the following differential equation
where in Eqs. (8) 
and the equation for Σ 12 is
We can obtain the corresponding equation for Σ 21 from Eq. (10) by replacing
with all other terms staying the same.
Algebraic Relations
There are two ways to obtain algebraic relations between the forms. The first way is to use Fierz identities. There are many possible Fierz identities for the Dirac matrices in 10-dimensions. However, here we will be interested in one particular class of identities given by [21] 
where α, β, γ, δ are spinor indices and the coefficients a lk are given explicitly by
These identities will allow us to find relationships between
In fact, somewhat surprisingly, these Fierz identities give
This is different to the 11-dimensional case. In 11 dimensions the Killing vector K (which corresponds to K 11 + K 22 here) can be time-like or null [2, 22] . Here K can only be null. Moreover, Φ ij and Σ ij are also null and all scalar products between forms of the same degree vanish. We find the same results using the Γ-matrix algebra package GAMMA [23] . Presumably there are other non-trivial algebraic relations which could be obtained by considering other types of Fierz identities (e.g. K ∧ Φ and ι K Σ might be related). However, we will not investigate this here.
The second way to obtain algebraic relations involving the forms is to use the algebraic Killing spinor equation. As we will see, this relates combinations of forms and field strengths. The algebraic Killing spinor equation is given by δλ = Pǫ = 0 where [24] 
The case p = 1 gives no identities, but for p = 2 we obtain another set of four identities given as follows,
The final set of four identities comes from p = 4. For example,
Again, there are three other similar identities for p = 4, given by
If we take p > 4 inǭ
, we obtain identities which are simply the duals of those obtained for p < 4. Therefore, Eqs. (14)- (25) give the full set of independent identities that can be derived from the algebraic Killing spinor equation.
Giant gravitons in AdS 5 × S

from holomorphic surfaces
In this section we review the Mikhailov construction of giant gravitons in AdS 5 × S 5 via holomorphic surfaces [19] . This construction will give rise to a simple set of supersymmetry projection conditions for a giant graviton probe. These projection conditions will allow the forms K, Φ and Σ to be found and we will see in § 5 that the differential equations satisfied by the forms correspond to calibration conditions for these branes.
The complex structure of AdS
We begin by embedding the S 5 part of the geometry in flat C 3 , which has complex coordinates Z i (i = 1, 2, 3), which can be written in terms of 6 real polar coordinates
The metric on C 3 is given by
C 3 has a complex structure, I, which acts on the basis 1-forms as follows,
This is equivalent to the following transformations of the real 1-forms: dµ i −→ µ i dφ i and µ i dφ i −→ −dµ i . The sphere is defined in C 3 by
where we have set the radius to 1 for convenience. Note that this means that the radius of curvature of AdS 5 is also 1. The metric on S 5 is given by the metric on C 3 , Eq. (26), restricted to the sphere. The embedding of S 5 in C 3 allows us to define a radial 1-form, e r ∈ T * C 3 , which is orthogonal to the sphere at every point. Explicitly, e r is given by
We can act with the complex structure on e r to produce a new 1-form e || = I · e r , which is given explicitly by e || = µ
On the sphere e || has unit length and it belongs to T * S 5 . Therefore, e || gives a preferred direction on the sphere. We will see later that this is the direction of motion for giant gravitons in this construction. Note that
where ω is the Kähler 2-form on C 3 . We can also write ω in another basis as follows,
Here {e I 1 , e J 1 , e I 2 , e J 2 } are unit 1-forms on C 3 , where
These 1-forms are orthogonal to each other and to {e || , e r }. The factor of N in Eq. (30) ensures that e r and e || are normalised everywhere on C 3 . Explicitly, N = (µ
I and e J are non-zero 1-forms on S 5 , the restriction of ω to the sphere is simply
This restricted Kähler 2-form will be important later when we construct p-forms relevant to supersymmetric giant gravitons.
It is also possible to define a complex structure for AdS 5 . In particular, we embed AdS 5 in flat C 1,2 , which has complex coordinates W a = u a + iv a (a = 0, 1, 2). The flat metric on C 1,2 is given by
also has a complex structure,Ĩ, which acts on the basis 1-forms as
i.e. du a −→ dv a and dv a −→ −du a . The embedding of AdS 5 in C 1,2 is given by
The metric on AdS 5 is given by the metric on C 1,2 restricted to this surface. In a similar way to the S 5 , we can define a radial 1-form, e ⊥ , which is orthogonal to AdS 5 at every point. Explicitly, e ⊥ is given by
We can act with the complex structure on e ⊥ to obtain a time-like direction, e 0 =Ĩ · e ⊥ , which belongs to the cotangent space of AdS 5 :
This is a preferred timelike direction on AdS 5 which will be used later in the supersymmetry projection conditions for giant gravitons. The derivative of e 0 is related to the Kähler form on C 1,2 , denotedω, by
As in the sphere case,ω can also be written in a different basis as
where e b k =Ĩ · e a k , k = 1, 2, are unit spacelike 1-forms on C 1,2 andÑ normalises e ⊥ and e 0 everywhere on C 1,2 . The above form forω restricts conveniently to AdS 5 as
This 2-form will appear later in the calibrating form for giant gravitons.
Later it will be useful to parameterise AdS 5 with "polar" coordinates. In particular, we can take
With these definitions the embedding condition for AdS 5 , given in Eq. (32) , is automatically satisfied. In these coordinates, the metric on AdS 5 is given by
supplemented with the condition that
Giant graviton construction
Giant gravitons in AdS 5 ×S 5 are D3-branes which have their spatial world-volume entirely contained in the S 5 part of the geometry. In this construction, the spatial world-volume of the brane is defined by the intersection of a holomorphic surface in C 3 with the S 5 . In particular, we consider the class of holomorphic surfaces, C ⊂ C 3 , which have complex dimension 2 (4 real dimensions). These surfaces are specified by a single equation,
Here F depends only on the holomorphic coordinates Z i (but not theZ i s). The intersection of C with S 5 is a 3-dimensional surface, Σ, which we take to be the spatial world-volume of the giant graviton at time t = 0.
Giant gravitons have a non-trivial motion on the S 5 . In this construction they are defined to move with the speed of light (c=1 in our units) in the direction e || . Typically the surface of the giant graviton Σ will not be orthogonal to e || (in fact the construction would break down if the brane was completely orthogonal to e || at any point). Therefore, at each point on the brane e || can be decomposed into a component normal to the brane, denoted e φ , and a component parallel to the brane, denoted e ψ , i.e.
where 0 < v < 1. In fact, v turns out to be the speed of the giant graviton in the direction e φ . This association arises from requiring the brane to be supersymmetric [19] , and we will see in § 5 that this condition is also encoded in the calibration bound for giant gravitons. Since v < 1, it means that the surface elements of the brane move at less than the speed of light, even though the centre of mass of the brane (which does not lie on the brane) moves with the speed of light.
We can actually define the full world-volume of the giant graviton using the holomorphic function F . Due to the form of e || , given in Eq. (28), the full world-volume of the giant graviton is given by the intersection of S 5 with the following surface [19] F (e −it Z 1 , e −it Z 2 , e −it Z 3 ) = 0
The above equation describes the original holomorphic surface translated in the direction e || at the speed of light. The usual giant graviton, which was first discussed in Ref. [25] , is a simple case of this construction; one takes the holomorphic surface to be simply F = Z 1 − c, where c is a constant. However, more complicated giant gravitons are also included in this description, since any holomorphic surface can be used. Mikhailov proves that all giant gravitons in this construction preserve at least 1 8 supersymmetry. We now discuss the supersymmetry projection conditions for these objects.
Giant gravitons and supersymmetry
This construction of giant gravitons via holomorphic surfaces in the 12-dimensional complex space C 1,2 × C 3 means that they preserve supersymmetry (provided v is associated with the physical speed of the giant graviton, see Ref. [19] for details). Moreover, the supersymmetry projection conditions can be written down in a very simple way. This is essentially because Killing spinors in AdS 5 × S 5 become covariantly constant spinors in the 12-dimensional space, so everything simplifies in the higher-dimensional setting. The amount of supersymmetry preserved by a particular giant graviton depends on the function F which defines the holomorphic surface C (and hence the brane surface Σ). If F depends on (1, 2, 3 ) of the complex coordinates 2 then the resulting giant graviton configuration will preserve ( ) of the supersymmetry respectively. The projection conditions satisfied by the most general configurations, which preserve 1 8 supersymmetry, are given by [19] 
Here ǫ 1 , ǫ 2 are the 16-dimensional spinor components of a 32-dimensional chiral Killing spinor, ǫ, of AdS 5 × S 5 . Moreover,
where the 1-forms e || , e 0 , e I k , e J k are defined in § 4.1 and here they are all evaluated on AdS 5 × S 5 (N.B. while these projections are made with reference to the complex structure of C 1,2 × C 3 , everything now is in 10 dimensions, so the forms must be evaluated on the lower-dimensional space). The projection conditions in Eq. (40) are manifestly brane independent. We will use these projection conditions to explicitly construct the differential forms, K ij , Φ ij and Σ ij , which were defined in § 2. We will see in § 5 that the 3-form, Φ ij , can be interpreted as a calibrating form for giant gravitons.
The differential forms for giant gravitons
To explicitly work out the forms, we need to make some additional projections which are compatible with Eq. (40), to ensure that there is only one independent Killing spinor, ǫ, which satisfies the conditions. The projection conditions in Eq. (40) admit 4 independent Killing spinors, so we need to make another two projections to reduce this number to 1 (because each projection reduces the number of allowed spinors by 1 2 ). The obvious way to make compatible projections is to treat the complex structure of AdS 5 in a similar way to the complex structure of S 5 . Therefore, one set of possible projections is
where
and e a k , e b k , defined in § 4.1, are non-zero 1-forms which we evaluate on AdS 5 . These 1-forms are orthogonal to {e 0 , e || , e I k , e J k }, so the above projections commute with the existing projections in Eq. (40). Therefore, the full set of projection conditions consists of Eqs. (40) and (41). Note that in this basis the chirality condition, Γ 0...9 ǫ i = ǫ i , becomes
Using the projection conditions given in Eqs. (40)- (41) we can now compute all the differential forms which were defined in § 2. This will give us the set of p-forms relevant to giant gravitons. Firstly, the 1-forms, K ij , are given by
where ∆ is the normalisation of the spinors (ǫ 1 ) t ǫ 1 = (ǫ 2 ) t ǫ 2 = ∆. The 3-forms are given by
where ω S andω AdS are defined in Eqs. (31) and (36) respectively. The 5-forms are given by
We now calculate the derivatives of all these forms and show that they obey the differential equations derived in § 2. The derivatives of the forms will be related to G (5) , which is the only non-zero field strength in AdS 5 × S 5 . Now G (5) = −4{vol(AdS 5 ) + vol(S 5 )}. In our basis this is
To calculate the derivatives of the forms we will need the following results,
The first two equations follow from Eqs. (29) and (34), together with the fact that the 1-forms e 0 and e || are evaluated on AdS 5 × S 5 . The third equation can be derived by writing ∆ =ǭ 1 Γ 0 ǫ 1 and calculating d∆ using the Killing spinor equation. We will not go into the details of this calculation here, but it is straight-forward. Note that the third equation allows us to set ∆ = 1, which we do in the following.
We first consider the differential equation for K 11 . From Eqs. (42) and (46) the derivative is given by dK
From Eq. (5), this should be related to ι (Φ 21 −Φ 12 ) G (5) , which we now compute:
Therefore,
This is precisely what we expect from Eq. (5) are trivially satisfied as both left and right hand sides of the equations are identically zero.
We now consider the differential equation for Φ 12 . Firstly, from Eqs. (43) and (46) we have
From Eq. (7) this should be related to ι (K 11 +K 22 ) G (5) which we can compute:
Therefore, from Eqs. (48) and (49), we have
as required. The equation for Φ 21 works in the same way. Note that Eq. (50) is very similar to the condition for a generalised calibration [26] . In the next section we will see precisely how Φ is related to a generalised calibration for giant gravitons.
From Eqs. (44) and (46), the derivative of the 5-form is
From Eq. (8) we have that the components (dΣ 11 ) M N P QRS should be equal to
By considering different combinations of the indices, one finds that
and hence
as required. The equation for Σ 22 works in the same way, and the equations for Σ 12 and Σ 21 are trivially satisfied.
Calibrations for giant gravitons
In this section we will show that the differential forms constructed in the previous section can be used as calibrating forms for giant gravitons. We will see that all giant gravitons constructed from holomorphic surfaces are calibrated. To begin we consider the supertranslation algebra for D3-branes in type IIB supersymmetric backgrounds. This algebra will allow us to find a calibration bound for giant gravitons, and we will see that the bound involves the 3-forms Φ ij .
The super-translation algebra
The super-translation algebra for D3-branes in flat space is given by [27] 
and the integral is taken over the spatial world-volume of the brane. The indices i, j ∈ {1, 2} label the 16-dimensional spinors and α, β are spinor indices. The matrix C is the charge conjugation matrix, which we will take to be Γ 0 from now on. The quantity P M is the total 10-momentum of the brane. The term involving Z is a topological charge for the D3-brane. The fact that it is topological is clear from Eq. (54) since Z is defined as the integral of a closed form over the spatial world-volume of the brane. We now introduce a constant 32-dimensional spinor, ǫ = ǫ iα , and contract all indices in the super-translation algebra, Eq. (53), with the indices of ǫ to obtain 2(Qǫ)
and K 11 =ǭ 1 Γǫ 1 etc. are the previously defined forms. We can also rewrite the first term in Eq. (55) as an integral over the spatial world-volume of the brane as follows
where p M is the momentum density on the brane world-volume. At the moment we are still considering flat space, so all background field strengths are zero, and hence from Eq. (7) the integrand Φ 12 − Φ 21 is closed. Therefore, the brane charge term is topological, as required.
We now want to consider the super-translation algebra for a curved background with nonzero G (5) , but with all other field strengths zero. This will allow us to consider the case we are interested in, namely D3-brane giant gravitons in 
i.e. the integrand in Eq. (56) is not closed. However, we can construct a closed 3-form from Φ 12 − Φ 21 by manipulating this equation. The starting point is to compute the Lie derivative of G (5) along the direction K ≡ K 11 + K 22 . In general, the Lie derivative of a p-form, ω, along a vector field, X, is
Using Eq. (57) and the fact that dG (5) = 0, it is easy to see that the two terms here vanish independently and L K G (5) = 0. This means we can choose a gauge for the 4-form RamondRamond potential C (4) (which is related to the 5-form field strength by
Therefore, we propose that the 3-form Φ 12 − Φ 21 should be replaced by
in the super-translation algebra for backgrounds with non-zero 5-form field strength, i.e. the algebra becomes
Clearly this reduces to the original flat space algebra if we set the 4-form potential to zero. We now use the fact that (Qǫ) 2 ≥ 0 to obtain the following calibration bound:
where the integral is over the spatial world-volume of the brane. This bound is valid for all D3-branes in supersymmetric backgrounds which have field strengths G (1) , G (3) and H identically zero. In particular, we will see in § 5.2 that holomorphic giant gravitons saturate this bound, i.e. they are calibrated. Moreover, in § 5.3 we will see that dual giant gravitons are also calibrated.
First, however, we show that any brane which saturates the bound Eq. (60) (i.e. is calibrated) minimises the quantity K · p in its homology class. To prove this we consider two 3-dimensional manifolds U and V in the same homology class. Moreover, we assume that the manifold U is calibrated, i.e.
Now since U and V are in the same homology class, we can write U = V + ∂Ξ where ∂Ξ is the boundary of a 4-dimensional manifold Ξ. Therefore,
Now using Stoke's theorem together with Eq. (57) we have
Since we have chosen a gauge where
where we have used Stoke's law again, and rewritten ∂Ξ = U − V in the last step. Therefore, Eq. (62) becomes
where we have used the calibration bound Eq. (60) to replace the first term. Rearranging this is just,
i.e. U has minimal K · p in its homology class.
To get some idea of what this means, we can consider the case where K is simply the timelike vector e 0 . In this case, K ·p = −p 0 and −p 0 can be identified with the Hamiltonian for the D3-brane [26] . Therefore, the quantity minimised by calibrated manifolds is the energy. For giant gravitons, however, K is a null vector. In this case, the quantity minimised by calibrated surfaces is "Energy minus momentum", as we now see.
Holomorphic giant gravitons
We now specialise to the case of giant gravitons. First we consider the calibration bound Eq. (60) with K and Φ relevant to holomorphic giant gravitons. Using Eqs. (42) and (43) we obtain,
where the integrals are over the spatial world-volume of the brane. Since the spatial worldvolume of a giant graviton is entirely contained in the S 5 part of the geometry, the bound becomes
where we have identified −p 0 with the Hamiltonian density H. From the previous section we know that calibrated branes minimise K · p, which in this case is
Now recall that the physical direction of motion of the giant graviton surface is e φ , where
There is no physical momentum in the direction e ψ , so the quantity minimized by a calibrated giant graviton is
i.e. calibrated giant gravitons minimise the total energy minus the total physical momentum, J = vp φ . Note that this agrees with Ref. [29] where the generator of time translations for giant gravitons is E − J (N.B. our definition of the direction φ is different to the definition in Ref. [29] ). We will now see that giant gravitons constructed from holomorphic surfaces saturate the bound in Eq. (65) and hence have minimal energy minus momentum. Moreover, we will see that a brane which wraps the same surface as a holomorphic giant graviton, but travels at the wrong speed, does not saturate the bound.
We begin by evaluating the quantities H and p || which appear on the left hand side of the bound Eq. (65). To do this we must first calculate the giant graviton Lagrangian. Schematically, this is given by
where g is the determinant of the induced metric on the brane, and P(C (4) ) is the pullback of the 4-form potential to the giant graviton world-volume. For simplicity, we will assume that all giant gravitons we consider lie at ρ = 0 and at fixed Ω i in the AdS space. The Mikhailov construction does not specify the trajectory of the giant graviton in the AdS space. However, we know that giant gravitons are free massive particles in AdS, so they travel along time-like geodesics [30] . The trajectory ρ = 0 is one particular timelike geodesic in AdS, and it can be related to any other time-like geodesic in AdS by an appropriate change of coordinates [31] . To calculate the induced metric, we rewrite the metric on S 5 in a basis which is related to the giant graviton world-volume:
Here e φ , defined in Eq. (39), is the physical direction of motion of the brane, and e n is a unit 1-form on S 5 which is orthogonal to e φ and to the brane surface, Σ. The 3-dimensional metric dΣ 2 is the metric on the spatial world-volume of the giant graviton. This rewriting allows us to calculate the induced metric very easily. We obtain,
whereφ = de φ /dt and t is the time coordinate on the brane. Note that the term −dt 2 comes from the pull-back of AdS 5 metric to the trajectory ρ = 0. Since the giant graviton moves in the e φ direction, the quantity P(C (4) ) is simply given by
where σ i (i = 1, 2, 3) are the coordinates on the world-space of the brane. Therefore, we obtain the following Lagrangian for the giant graviton,
where Σ is the determinant of the metric dΣ 2 . From this Lagrangian we can calculate the momentum conjugate to φ. We obtain,
Therefore, the Hamiltonian is
Using the change of basis given in Eq. (39) the momentum in the direction e || is p || = −vp φ , i.e.
Moreover,
where we have used Eq. (39) together with the fact that e 0 = dt on the giant graviton trajectory. So the left hand side of the calibration bound Eq. (65) becomes
Note that in the Mikhailov constructionφ = v. However, one could also consider a brane which wraps the same surface Σ, but has a different speed in the direction e φ ,φ = v. These branes are not calibrated. To see this we leave v andφ as distinct quantities for the moment.
We now evaluate the right hand side of Eq. (65) for our general giant graviton. Using Eq. (39) we have
We now use the fact, proved in Ref. [19] , that the surface of the brane, Σ, wraps a 3-cycle consisting of the direct product of a 1-cycle, e ψ , with a complex 2-cycle. Therefore, the pull-back of e ψ ∧ ω S to the brane is simply the spatial world-volume of the brane, i.e.
Therefore, the right hand side of Eq. (65) is
Clearly, the left and right hand sides of the calibration bound, Eqs. (72) and (73), are equal whenφ = v, which is the case for the giant graviton. This means that holomorphic giant gravitons are calibrated. For a giant graviton moving at the "wrong speed", i.e.
i.e. the brane is not calibrated, but it does satisfy the calibration bound in Eq. (65).
Dual giant gravitons
So far we have shown that giant gravitons constructed from holomorphic surfaces are calibrated. An interesting extension is to look at dual giant gravitons. Dual giants are D3-branes which wrap a 3-sphere in AdS 5 . Like giant gravitons they have a non-trivial motion on the S 5 part of the geometry, but dual giants do not wrap any of the S 5 directions. In this section we show that the dual giant graviton introduced in Ref. [32] saturates the bound Eq. (60). That is, we will show that
for this configuration. Now it is known that dual giants preserve the same basic supersymmetries as giant gravitons [32] . Therefore, the forms K, Φ and Σ will be exactly the same for the dual giants as for the ordinary giant gravitons. These forms are given explicitly in Eqs. (42)-(44). Therefore, the calibration bound reduces to
exactly as for giant gravitons. However, because dual giant gravitons wrap three AdS directions, the only term on the right hand side that contributes is − e 0 ∧ω AdS . Therefore, for dual giants the bound becomes
We now show that the known dual giant configuration of Ref. [32] saturates this bound.
We begin by writing the metric on AdS 5 slightly more explicitly. Recall from Eq. (37) that this metric is given by
where i Ω 2 i = 1. We choose the following polar coordinates for Ω i ,
and we write r = sinh ρ. In these coordinates, the AdS 5 metric becomes
and the preferred time-like direction, e 0 , defined in Eq. (38), becomes
From the probe calculations in Ref. [32] it is known that there is a dual giant graviton which wraps a 3-sphere parameterised by α 1 , α 2 , α 3 at fixed r. We denote the coordinates on the world-volume of this brane by σ µ (µ = 0, 1, 2, 3) and here σ 0 = t (i.e. we choose static gauge) and σ i = α i . The dual giant graviton also moves on the surface of the S 5 along any equator. For concreteness, we take the motion on the sphere to be in the direction φ 1 with µ i fixed to the values µ 1 = 1, µ 2 , µ 3 = 0. Recall that the metric on the sphere is given by
with the condition that i µ 2 i = 1.
We now calculate the quantities on the left hand side of the calibration bound Eq. (75).
To do this we must first calculate the Lagrangian for the dual giant graviton. As before, this is given by
The induced metric on the dual giant world-volume is
where we have pulled back the AdS 5 × S 5 metric to the dual giant world-volume specified above. Therefore,
The pull-back of the 4-form potential is
Hence, we obtain the following Lagrangian for the dual giant,
We can use this to calculate the momentum conjugate to φ 1 . We obtain,
Recall that e || = i µ 2 i dφ i , which on the dual giant world-volume reduces to e || = dφ 1 . Therefore, p || = p φ 1 and hence H + p || = r 3 sin 2 α 1 sin α 2 1 + r 2 +φ 1 1 + r 2 −φ 2 1
We now need to calculate ι 0 C + ι || C . From the form of e 0 and the fact that e || = dφ 1 on the trajectory, we obtain
Hence, 
Hence, from Eqs. (83) and (85) > r which means that the brane is not calibrated, but the bound Eq. (75) is satisfied. In fact, for this brane the calibration bound is saturated if and only ifφ 1 = −1, r = 0. Note that the speedφ 1 = −1 agrees with the speed one obtains from a probe calculation [32] . Like giant gravitons, the centre of mass of the dual giant moves along a null trajectory. This can be seen by evaluating the AdS 5 × S 5 metric on the trajectory µ 1 = 1,φ 1 = −1 with r = 0, which corresponds to the centre of mass. Moreover, like the giant graviton, the surface elements of the brane move at less than the speed of light. The time-like trajectory taken by a surface element is simply ds 2 = −r 2 dt 2 .
Conclusions
In this paper we have constructed p-forms from Killing spinors of type IIB supergravity. We find that non-zero 1-,3-,5-,7-and 9-forms can be constructed. Using the gravitino Killing spinor equation we have derived the full set of differential equations that the forms satisfy in a general supersymmetric background. In analogy to the 11-dimensional case, one combination of the 1-forms, namely K 11 + K 22 , is Killing. We have also derived some algebraic identities satisfied by the forms using the algebraic Killing spinor equation and Fierz identities. It is interesting that the Fierz identities force K · K = Φ · Φ = Σ · Σ = 0. This is different to the case in 11 dimensions, where the Killing vector, K, can be time-like or null. However, here in 10 dimensions only the null case is allowed. The differential and algebraic relations we have derived could now be used for classifying general supersymmetric type IIB backgrounds using the ideas of G-structures. However, one complication in 10 dimensions is that there are four independent background field strengths, so classifying the most general backgrounds might be more difficult than the 11-dimensional case.
The second aspect of this paper has been to consider non-static branes from the point of view of calibrations. This is an interesting problem to consider because most previous work on calibrations has focused on static probe branes, even though non-static branes are known to play an important role in supergravity/string theory (e.g. giant gravitons are important in the AdS/CFT correspondence). We have given a concrete example of a nonstatic brane, namely a giant graviton in AdS 5 × S 5 . We have found the calibration bound that these branes saturate, minimising K · p . The minimised quantity corresponds to "energy minus momentum" in this case. Moreover, dual giant gravitons also saturate the calibration bound and minimise the same quantity. It would now be interesting to consider the 2-spin giant gravitons introduced in Ref. [29] from the point of view of calibrations. There are also many other examples of non-static branes which one could consider, e.g. supertubes. It would be interesting to understand these branes using calibrations.
